Previous results for the shift of the ionisation potential of an atom in a laser field are used to investigate the kinematics of multiphoton ionisation in either a laser beam or a laser pulse. Previous results for a laser beam show essentially no shifts of the 'above-threshold ionisation' peaks in the electron energy distribution and only small widths. Results for a laser pulse show the possibility of large shifts and widths growing as the pulse becomes shorter. Electrons which absorb a larger number of photons are predicted to show less shifted and narrower peaks.
Introduction
In a recent experiment (Kruit et a1 1983) the electron resulting from multiphoton ionisation of Xe was observed. The spectrum showed up to eight peaks with adjacent peaks separated by the energy of a laser photon. As the intensity was raised a novel phenomenon was observed which is the suppression of the lowest-energy peak. The explanation which was proposed (Muller et a1 1983) was that the effective ionisation potential is increased as the intensity is increased and for sufficiently high intensity, the lowest peak becomes energetically forbidden. The explanation was substantiated by an analysis of a model atom in a circularly polarised laser field (the Berson (1975) model) . An expression for the ionisation potential as a function of laser intensity for an atom in a laser field of arbitrary polarisation was subsequently derived confirming this. The local ionisation potential, X ( I ) , as a function of the intensity was shown to be (Mittleman 1984a where m is the mass of the electron and Mi the mass of the ion. For example, for a linearly polarised laser
where E is the electric field amplitude of the laser and o its frequency. The energy shift (due to the laser) of the ground states of the atom and ion are given by A Wg'( I ) and A Wg'( I ) respectively.
The derivation of (1.1) was given for the case of an atom entering a steady laser beam. We argue that it applies for a laser pulse provided that the pulse is switched on and off adiabatically in the frame of the atom and that the ionisation does not occur via an intermediate resonant state (Mittleman 1984b) . We use it to investigate the kinematics of such a laser pulse. We find, in 0 2, that the energy transfer from the laser to the particles is not of the form N h o ( N is an integer) but this is not a violation of any general theorem since a pulse cannot be a periodic field. We also investigate the shift and width of the peaks in the electron energy distribution.
The derivation of (1.1) involves little more than conservation of energy and will be outlined here: the atom is assumed to have an initial velocity V(o0) and an initial kinetic er-ergy E , =~M , V ( C~)~ as it enters the steady single-mode laser beam. The atomic (ground) state energy is changed by the laser beam by A W g ) which acts as a potential for the centre of mass motion of the atom. Therefore, the velocity of the atom at a point r in the laser beam where the intensity is I satisfies
( 1.4) We assume that the ionisation takes place at r and that the local ionisation potential These equations can be assembled to find the change in the total energy from the initial to the final state, both outside the laser beam. However, since the Hamiltonian describing the laser beam and the particles is periodic in time this change in energy has to be an integral multiple of w. Finally the requirement that X ( I ) be a continuous function of I at I = 0 gives the result (1.1). This result was derived (Mittleman 1984a ) for a laser beam but it is a property of the atom in the field and not of the history of how it got there. It is therefore applicable to any situation in which the field is switched adiabatically as viewed from the rest frame of the atom. In particular it can be used in the situation in which the atom is overtaken by a laser pulse.
The experiment also yielded information concerning the shift and width of the peaks. The shift is defined as the difference of the position of the centre of the peak from its position at Z = 0. The experiment yielded no observable shift, but the widths of the peaks were of the order of 100 meV, which is larger than the nominal instrumental width of the experiment (Kruit and Read 1983) .
The kinetic energy, E~, of an electron resulting from an N-photon ionisation in a steady laser beam was obtained from the equations above plus the momentum conservation equation
( 1.8) In fact the photon momentum is a small relativistic correction which can be neglected. The result is
This equation yields a very small shift and width for the peaks which is not in agreement with the experiment. However, the experiment was done with a multimode laser pulse and this equation applies only to a steady laser beam. We shall therefore generalise it to a laser pulse in the next section.
Kinematics in a pulsed laser
The diiTerence between the steady laser beam and the laser pulse arises from the different kinematics of the particle motions. This is most readily explained by using the Hamiltonian for an ion of nuclear charge 2 with 2' electrons. It may be rewritten in the centre of mass coordinate, r, and coordinates of the electrons relative to the nucleus, xL, ( L = 1 . . . ). We make the dipole approximation for the relative coordinates only, with the result Here P, is the centre of mass momentum operator and P, is the momentum operator for the Lth relative coordinate. MN is the nuclear mass, and
Vis the sum of the Coulomb interactions among the particles and A the vector potential evaluated at the position of the centre of the mass. The last group of terms in (2.1) (in parenthesis) is the Hamiltonian for the internal motion of the atom (or ion) in the presence of the laser field. As the field is turned on adiabatically (in the frame of the atom) this, in effect, becomes the shifted atom (or ion) eigenvalue plus the ponderomotive potential (for an ion).
For a laser beam I is r-dependent and so this is a potential affecting the centre of mass motion. However, for a pulse which is spatially uniform perpendicular to the propagation direction, I is only a function of time (neglecting relativistic affects) and so the centre of mass motion is unaffected by these terms. The remaining coupling of the centre of mass motion to the laser is contained in the second term of (2.1). It vanishes for a neutral atom so the atomic centre of mass motion is unaffected by the pulse.
A real pulsed laser field is of finite extent in all directions. A rough description of a not very tightly focused laser field polarised (essentially) in the x^ direction and moving in the i direction is
where R is the radius of the pulsed beam. (There is another still smaller component, Ey, which we shall neglect along with E,,) Then the intensity, I -E 2 , is positiondependent and so A W,(I) does act as a potential. However, for cases of interest the atom or ion moves such a small distance (compared with R ) during the pulse that the potential they experience is essentially a spatial constant during the lifetime of the pulse, T. For example, a thermal velocity of about 5 x lo4 cm s-' in a long pulse ( T = 20 ns) results in distance moved of the order of cm which is about the size of the beam contemplated here. (Shorter pulses make the comparison more favourable but if this is not the case then the considerations applied to the electron below must also be used for the atom and ion.) Then the experiment is one in which the pulse overtakes the atom and leaves the ion behind. (We assume that it is unlikely that the ion will escape out the side of the pulse.) The dynamics of the centre of mass motion of the atom and ion are unaffected by the laser and (1.4) is replaced by
and (1.6) is replaced by
The electron will move much faster than the ion (by a factor of about M i / m -lo4) and it will have a significant chance of escape out of the side of the pulse so the electron dynamics will be affected by the laser. The final state of the electron satisfies where q is its momentum outside the field. The behaviour of the otherwise free electron in the laser field is understood provided that the field varies slowly on the scale of the electron wavelength which is the case here. This condition also allows for a classical description of the electron in which the average motion of the electron is governed by the Hamiltonian
P2 2m
where the ponderomotive potential is given by and where the average is over a laser period. (We have neglected the z dependence in ( f -Z / C ) since it is a small correction.) The time dependence in Uf' (which is essential to the pulse) precludes an energy integral so further progress requires some approximations. The number of parameters characterising the problem is large so a numerical analysis in advance of a specific experiment seems premature. Instead we treat some limits which illuminate the theory. An instructive model is one in which the laser intensity varies in a direction perpendicular to the propagation direction but is constant in the propagation direction inside the pulse. It vanishes outside the pulse.
U:'= U(P/R)O(T2/4-t 2 ) . (2.10)
Then if the electron is born at t = to, p = po with the velocity p = uo the energy of the electron outside the pulse depends upon how the electron emerges from the field. If it gets out of the side before the pulse has passed then in effect the pulse behaves as a c w beam and we obtain (as in (1.5))
However, if the electron emerges from the rear of the pulse at the point p1 then its mechanical energy is conserved during the time interval to+ T/2 but at t = T/2 the potential abruptly drops to zero and the velocity is unchanged. The result is $mu:
We see that the point at which the electron emerges from the rear of the pulse determines its final kinetic energy. This example demonstrates that the value of AKE, =imu(co)2-$mu: (2.13) depends upon the details of the dynamics of the electron in the pulse. For higher values of N (the number of photons absorbed) the initial kinetic energy of the electron is larger so the electron is more likely to escape from the side of the pulse with the result (2.11). Then cancellation of U:' will be more complete for high N. Thus the shift and width of high N peaks should be less than that for N near threshold. This model of the laser pulse may have more applicability to a real pulse than is first apparent. Let us describe the temporal behaviour of the pulse as follows: it switches on at t = -T/2 and rises to its maximum intensity in the switching time, T,. It then retains a roughly constant intensity for a time (T-2TS) and then switches off in the time T,, falling to zero intensity at t = T/2. Equation (2.10) is an approximation to this behaviour with T,=O. If the electron moves a distance small compared with R in the time T, then this is a good approximation. This requires that ZIT,<< R. For the parameters cited above this is the requirement T,< lo-" s which is in the range of possibility.
We may use these equations to find the total change in the energy of the particles due to the passage of the pulse. This is not an integer times w and it depends upon the details of the birth of the electron through AKE,.
We may use these ideas to obtain the energy of an electron after N-photon ionisation in essentially the same way that (1.9) was obtained. The result is 
(2.15)
The cancellation of AKE, and U;) which is complete in the case of a c w laser beam is no longer true for the pulse and this is by far the largest contribution to the shift and width of the peaks in the electron distribution.
In the experiment of Kruit et a1 (1983) , the pulse duration was of the order of 10 ns with R of the order of cm so the electron is most likely to escape out of the side of the pulse and then in effect the pulse behaves as a beam. The peaks should then be unshifted by U!) but should be shifted by AWP) (about 50meV at about I = 1Ol3 W cm-2). An expansion of (1.8) in powers of ( m / M , I yields The observed value of AEN results from averaging (2.17) over the probability of production of the Nth continuum. This can be obtained from the experiment which roughly yields
18)
If we assume the beam to be a spatial Gaussian If we take 8IM -50 meV and FN -0.2 for a typical peak this yields a value of AeN -10 meV which is below the resolution of the experiment and consistent with the results.
(width)2 = I ) ) 2 -(6)'
The widths of the peaks can be similarly obtained as
which yields a value of about 20 meV for the parameters given above. The widths were in fact of the order of 100meV but this can at least in part be attributed to the fact that the Xe+ ion can be left in an excited state as well as the ground state. The excitation energy is about 1.3 eV which is close to the laser photon energy of about 1.17 eV so that ( N + 1)-photon absorption with a residual excited state produces a peak about 130meV away from N-photon absorption with the residual ground state. These were not resolved in the experiment.
For a shorter pulse experiment the incomplete cancellation in the first term of (2.15) can result in larger shifts and widths of the peaks and they may have already been observed (Freeman 1985) . Detailed calculations such as those described by (2.18) through (2.23) for a short pulse laser depend upon the first term of (2.15). The details of the average over this term depend upon the details of the pulse and of the dynamics of the ionisation process. That is, the observed average of ( A K E , -U f ' ( 1 ) ) will depend upon the time at which the ionisation occurs and the angular distribution of the electrons. These are among the unsolved dynamical problems of this field so no further progress is possible now.
